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Abstract Cosmological solutions are obtained in an
anisotropic Kantowski-Sachs and Bianchi Type-I uni-
verses considering a cosmological constant with Skyrme
fluid as a matter source. The solutions in both the KS
and Bianchi-I universes obtained here are found to dif-
fer significantly, specially with some striking difference
like Bianchi-I universe admitting only oscillatory solu-
tions for a particular type of matter configuration. Some
new and interesting cosmological solutions are obtained
due to the Skyrme fluid in the universe. The anisotropy
parameter with the evolution of the universe for both
the cases are determined and plotted for comparative
study.
Keywords : Cosmology, Anisotropy, Kantowski-Sachs,
Bianchi-I, Skyrme fluid.
1 Introduction
It is predicted from the cosmological observations that
on a large scale the present universe is homogeneous and
isotropic. However, immediately after the Big Bang, the
scenario may have been different. It is believed that
the early universe must have been highly anisotropic-
the initial anisotropy being washed away in course of
evolution of the universe with time[1]. This suggests
that the present state of the universe is not affected
by it’s initial conditions. Thus, space-times which are
spatially homogeneous and anisotropic should provide
a good description of the early universe. Also, the lo-
cal anisotropies observed today in galaxies and super-
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clusters motivate us to study space-times which are
anisotropic. Anisotropic cosmological models are widely
studied to study the possible effects of early universe
anisotropy on present day observations.
The Bianchi Type-I cosmological model which is
homogeneous with spatially flat sections but direction
dependent expansion or contraction rate, are the sim-
plest of such anisotropic cosmological models and have
been studied in this context of present day observa-
tional signature in[2,3,4,5,6,7]. There are other types
of Bianchi models as well, the whole set named after
Luigi Bianchi who classified the relevant 3-dimensional
spaces[8], which were first studied in the framework of
the Einstein Field Equations (EFE) by[9,10,11]. Such
anistoropic initial conditions have also been studied in
Kantowski-Sachs(KS) cosmology[12]. It was Collins[13]
who first described the global structure of KS space-
time. There exists a class of KS solutions with a non-
vanishing value of the Cosmological Constant in which
the initial anisotropy washes out asymptotically[14]. The
isotropization of an anisotropic KS universe in the frame-
work of Linde’s chaotic inflationary scenario[15] studied
by Paul et. al.[16]. KS cosmologies have also been stud-
ied in details in a series of papers[17,18,19].
Skyrme fields in the background KS space-times have
been considered in[20,21]. It may be mentioned here
that in particle physics the skyrmion is considered as
topologically stable field configuration in the framework
of non-linear sigma models which was used for pions
to model nucleons by Skyrme in 1962 [22]. The model
does not involve quarks and is an approximate low-
energy effective theory of Quantum Chromodynamics
(QCD). The Skyrme model is characterized by topologi-
cal soliton solutions which are physically interpreted as
a type of baryons termed Skyrmions[23]. Thereafter,
Skyrmions are considered in the field theoretical frame-
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2work as a topological object which is of great interest in
Solid State Physics and String Theory. An indirect evi-
dence of the existence of Skyrmions have been reported
in Bose-Einstein condensates and superconductors [24,
25]. In [20,21] coupling of the Skyrme field with grav-
ity has been considered taking the Skyrme fluid as a
source. In cosmological context it generates bounds on
both the cosmological constant and the Skyrme cou-
pling constant [26], and hence it is worth of further in-
vestigation to understand the evolution of the universe.
In the paper we consider the EFE for anisotropic KS
and Bianchi type-I space times with a non-zero Cosmo-
logical constant taking the Skyrme fluid as a source.
The evolution of the universe is studied for two differ-
ent types of anisotropic universes considering different
permissible values of the coupling parameters accom-
modating different physical situations like domination
of the Skyrme fluid. The paper has been organized as
follows. In the following section we present the of the
field equations of the Einstein-Skyrme system. In sec-
tions 3 and 4, cosmological solutions are obtained for
KS and Bianchi I space-times respectively taking the
Skyrme fluid as a source with a cosmological constant
Λ. In section 5 the physical interpretations of the mod-
els are discussed. The cosmological solutions are plotted
graphically for comparative study of the cosmological
models. The EFE for Bianchi I background geometry is
resented in the appendix.
2 The Einstein-Skyrme Action and the Field
Equations
The Einstein-Skyrme (ES) action with non-zero Λ is
given by
S =
1
16piG
∫
d4x
√−g(R− 2Λ) + SSkyrme, (1)
where SSkyrme is
SSkyrme =
κ
2
∫
d4x
√−g Trace
(
RµνR
µν
2
+
λFµνF
µν
16
)
,
(2)
where κ = f
2
pi
4 and λ =
4
e2f2pi
are the Skyrmion coupling
constants; fpi and e denote the pion decay constant and
a dimensionless parameter for stable solitons, respec-
tively.
The equation of motion (EOM) of a Skyrme field
coupled to gravity is given by
∇µRµν + λ
4
∇µ[Rµν , Fµν ] = 0. (3)
The Einstein field equation (EFE) for a ES system
with non-zero Λ is given by
Gµν + Λgµν = 8piGT
Skyrme
µν . (4)
The energy-momentum tensor for the Skyrme fluid
TSkyrmeµν is expressed as
TSkyrmeµν = (ρ+ pt)uµuν + ptgµν + (pr − pt)χµχν , (5)
where uµ denotes the 4-velocity and χµ = A−1δµr is a
unit space-like vector in the radial direction.
The above expression for the stress-energy tensor of
the Skyrme field indicates the presence of an in-built
anisotropy in the fluid as the pressures are different in
the radial (pr) and tangential (pt) directions. It is found
that the radial pressure is equal in magnitude but oppo-
site in sign to the energy density. The fluid satisfies all
the 3 energy conditions in General Relativity namely,
weak (WEC) , dominant (DEC) and strong energy con-
dition (SEC). However in the presence of a Λ-term, it
may or may not satisfy the Strong Energy Condition
(SEC) which is pt ≥ Λ[21].
The gravitational constantGmultiplied by the Skyrme
coupling constant κ gives the effective gravitational con-
stant Geff = G κ. The parameter 8piGκ may lie in the
range ( 0 − 1) and the other coupling constant λ is
approximately of the order of 2.10−31m2 [26]. In the
anisotropic universes considered here the evolution of
the anisotropy parameter denoted by Γ is determined
in the next section for the cosmological models.
3 Cosmological Solution for a KS universe with
Λ and Skyrme Fluid
The KS space-time is described by the line element
ds2 = −dt2 +A2(t)dr2 +B2(t)[dθ2 + sin2θdφ2]. (6)
The components of TSkyrmeµν are given by[21]-
ρ =
1
B2
(
1 +
λ
2B2
)
. (7)
pr = −ρ, (8)
pt = ωtρ =
λ
2B4
, (9)
where the equation of state (EOS) parameter corre-
sponds to ωt = λλ+2B2 .
3Considering the stress-energy tensor described by
eqs. (7)-(9), the components of the EFE given by eq.
(4) can be expressed as
2
B˙A˙
BA
+
1
B2
+
B˙2
B2
− Λ = 8piG
[
κ
B2
(
1 +
λ
2B2
)]
, (10)
2
B¨
B
+
1
B2
+
B˙2
B2
− Λ = 8piG
[
κ
B2
(
1 +
λ
2B2
)]
, (11)
B˙A˙
BA
+
B¨
B
+
A¨
A
− Λ = −8piG
[
κλ
2B4
]
. (12)
3.1 KS Model-I
Considering a connection between the metric coefficients
of the form B˙ = KA one obtains
A˙
A
=
B¨
B
. (13)
Using this relation the first two field eqs. 10) and (11)
leads to
2
B¨
B
+
1
B2
+
B˙2
B2
− Λ = α1
B2
+
α2
B4
, (14)
where α1 = 8piGκ and α2 = 4piGκλ. The EFE given by
eq. (12) yields
2
B¨
B
+
...
B
B˙
− Λ = − α2
B4
. (15)
Multiplying both sides of the above equation by
B˙B2 and integrating the obtained differential equation(DE)
we get
B¨
B
− Λ
3
=
α2
B4
+
C
B3
, (16)
where C denotes the constant of integration. Combining
Equations(14) and (16), we get
B˙2
B2
+
1− α1
B2
+
α2
B4
+
2C
B3
− Λ
3
= 0. (17)
We now consider different cases to obtain cosmolog-
ical solutions :
Case A: α2 = 0, C = 0 and H20 =
Λ
3 . The eq. (17)
reduces to
B˙2
B2
+
1− α1
B2
= H20 . (18)
On integrating one obtains
B = B0 cosh (H0 t), (19)
where B0 =
√
1−α1
H0
. Thus the other scale factor is given
by
A =
B˙
K
= A0 sinh (H0 t), (20)
where A0 =
√
1−α1
κ .
The two directional Hubble parameters are given by
H1 =
A˙
A
,H2 =
B˙
B
(21)
The average Hubble parameter is given by
H =
1
3
[H1 + 2H2] . (22)
We define the variation of the directional Hubble pa-
rameters as
∆H1 = H1 −H, ∆H2 = H2 −H (23)
Then the anisotropy parameter Γ is defined as
Γ =
1
3
[(
∆H1
H
)2
+ 2
(
∆H2
H
)2 ]
(24)
The anisotropy parameter for the above cosmological
solution is determined which is
Γ =
1
3
[(
H1 −H
H
)2
+ 2
(
H2 −H
H
)2]
=
2(coth2H0t+ tanh
2H0t− 2)
coth2H0t+ 4 tanh2H0t+ 4
. (25)
The variation of the anisotropic parameter with time is
shown in Fig(1). It is evident that the initial anisotropy
present in the early universe washes out to zero finally
in the late universe.
Case B: In this we consider α2 = 0, C = 0, H20 =
Λ
3
, however, the maximum value of the parameter α1 may
be taken as α1 = 1. In this case on integrating eq. (17)
the cosmological solution reduces to
B = B0 e
H0t, (26)
where B0 is an integration constant and
A =
B0H0
κ
eH0t. (27)
Thus it corresponds to de-Sitter solution. As we get a
vanishing anisotropy parameter (Γ = 0), the solution
gives a universe which emerged from isotropic state.
Case C: In this we consider α1 = 1, C = 0, H20 =
Λ
3 with a non zero α2. In this case the Skyrme fluid
dominates and integrating the eq. (17) we get
B =
α
1
4
2√
H0
√
cosh2H0t. (28)
4The other scale factor is given by
A =
α
1
4
2
√
H0
K
sinh2H0t√
cosh2H0t
. (29)
The anisotropy parameter becomes
Γ =
8 coth2H0t+ 9 tanh
2H0t− 16)
4 coth2H0t+ 4 tanh2H0t+ 8
, (30)
The time variation of the anisotropy parameter is shown
in Fig(3). It is evident that an initial anisotropic uni-
verse transforms to an isotropic universe at late time.
Case D: In this case Skyrme fluid is considered
without cosmological constant (Λ). Thus here we set
C = 0 in eq. (17) which leads to
B˙2
B2
=
α1 − 1
B2
− α2
B4
. (31)
Integrating the above differential equation we get the
solution which is
B =
√
(α1 − 1)t2 + α2
α1 − 1 . (32)
A =
α1 − 1
K
t√
(α1 − 1)t2 + α2α1−1
, (33)
where α1 > 1, but if 0 < α1 ≤ 1 it gives unphysical
result. The anisotropy parameter is given by,
Γ = 2
 1t − 2t(α1−1)(α1−1)t2+ α2(α1−1)
1
t +
t(α1−1)
(α1−1)t2+ α2(α1−1)
2 , (34)
The time variation of the anisotropic parameter is shown
in Fig(4). It is evident that the initial anisotropy washes
out which in a later epoch once again will transit to an
anisotropic universe. However this particular solution is
of no physical significance. Thus cosmological constant
plays an important role for the evolution of the universe
with skyrme fluid.
3.2 KS Model II
Now we consider a simple case where B˙ = 0 which leads
to 1B = H0 or B = H
−1
0 . The eqs. (10) and (11) reduces
to an identical equation which is given by
1
B2
− Λ = α1
B2
+
α2
B4
. (35)
The EFE given by eq. (12) reduces to
A¨
A
− Λ = − α2
B4
. (36)
In this case the cosmological constant becomes
Λ = [(1− α1)− α2H20 ]H20 . (37)
Putting the value of Λ back in eq. (12), we obtain
A¨
A
= [(1− α1)− 2α2H20 ]H20 . (38)
We note the following cosmological solutions:
(i) For H20 =
1−α1
α2
, A¨ = 0, it gives rise to linear evolu-
tion of A with t.
(ii) For H20 >
1−α1
α2
, A¨ < 0, one gets an oscillatory uni-
verse solution.
(iii) For H20 <
1−α1
α2
, A¨ > 0, one gets an expanding
universe solution.
4 Cosmological Solution for a Bianchi type-I
universe
The line element of Bianchi Type-I anisotropic universe
is given by
ds2 = dt2 − [Ri(t) dxi]2, i = 1, 2, 3. (39)
where the anisotropic Hubble parameters, Hi = R˙iRi .
The average scale factor is given by R = (R1R2R3)
1
3
and the average Hubble parameter is given by
H =
R˙
R
=
d
dt
(lnR) =
1
3
d
dt
(lnV ), (40)
where V = R3 = R1R2R3 is the volume. We consider
R1 = A, R2 = R3 = B in this section, which implies
V = AB2 and R = (AB2)
1
3 . The EFE are given by
(refer to appendix)
B˙2
B2
+ 2
A˙B˙
AB
− Λ = 8piG
[
κ
B2
(
1 +
λ
2B2
)]
. (41)
B˙2
B2
+ 2
B¨
B
− Λ = 8piG
[
κ
B2
(
1 +
λ
2B2
)]
. (42)
B¨
B
+
A¨
A
+
A˙B˙
AB
− Λ = −8piG
[
κλ
2B4
]
. (43)
54.1 Bianchi-I Model-I
We consider B˙ = κA. The eqs. (41) and (42) of the
EFE reduce to a identical equation given by
B˙2
B2
+ 2
B¨
B
− Λ = α1
B2
+
α2
B4
. (44)
The eq. (43) reduces to
2
B¨
B
+
...
B
B˙
− Λ = − α2
B4
. (45)
Finally we get a differential equation for B which is
given by
B˙2
B2
− α1
B2
+
α2
B4
+
2C
B3
− Λ
3
= 0. (46)
We now study different cases in the next section.
Case A: Forα2 = C = 0 and H20 =
Λ
3 , the above
differential equation reduces to
B˙2
B2
− α
B2
= H20 . (47)
Integrating the above equation we obtain solution which
is
B = B0 sinhH0 t, (48)
where B0 =
√
α1
H0
and
A = A0 coshH0 t, (49)
where A0 =
√
α1
κ . The anisotropy parameter is given
by,
Γ = 2
[
coth2H0t+ tanh
2H0t− 2
4coth2H0t+ tanh2H0t+ 4
]
, (50)
The time variation of the anisotropic parameter is shown
in Fig(1). It is evident that the initial anisotropy in the
universe decreases and finally the anisotropic universe
isotropized.
Case B: For α1 = 1, α2 = 0 = C, H20 =
Λ
3 , eq.(43)
reduces to
B˙2
B2
− 1
B2
= H20 . (51)
The solution is given by
B = B0 sinhH0 t, (52)
where B0 = 1H0 and
A = A0 coshH0 t, (53)
Fig. 1 variation of anisotropy parameter, Γ (t) with time, H0t
Fig. 2 variation of anisotropy parameter, Γ (t) with time, H0t
where A0 = 1κ , which is similar to the Case A discussed
above with α1 = 1. In this case the anisotropy param-
eter is given by
Γ = 2
[
coth2H0t+ tanh
2H0t− 2
4 coth2H0t+ tanh2H0t+ 4
]
, (54)
The time evolution of the anisotropic parameter is shown
in Fig(2). A universe with initial anisotropy at a later
epoch isotropizes.
Case C: For H20 =
Λ
3 , C = 0 and α1 = 1, the
Skyrme fluid dominates as the coupling parameter κ is
set to a maximum value with non-zero coupling param-
eter λ. The differential equation for B can be written
as
B˙2
B2
− 1
B2
+
α2
B4
− Λ
3
= 0. (55)
On integrating once we obtain
BB˙ =
√
H20B
4 +B2 − α2. (56)
6In the very early universe the value of Λ was very large,
consequently one can approximate 1
H20
→ 0. The general
solution is given by
B =
√√
α2
H0
cosh2H0t− 1
2H20
. (57)
A =
√
α2
K sinh2H0t√√
α2
H0
cosh2H0t− 12H20
. (58)
One interesting point to note is that if we consider anti-
deSitter universe with negative Λ, for this particular
Bianchi-I solution, the scale factor A will posses an ad-
ditive term 1
2H20
in the denominator which can describe
an emergent universe[27,28]. Thus an initial anisotropy
with skyrme fluid admits an emergent universe which
at a later epoch transits to an isotropic universe which
is a new solution.
Γ =

8H20 coth
22H0t+
8α2sinh
22H0t
(
√
α2cosh2H0t
H0
− 1
2H20
)2
− 16H0
√
α2cosh2H0t
(
√
α2cosh2H0t
H0
− 1
2H20
)
4H20 coth
22H0t+
α2sinh22H0t
(
√
α2cosh2H0t
H0
− 1
2H20
)2
+
4H0
√
α2cosh2H0t
(
√
α2cosh2H0t
H0
− 1
2H20
)
 . (59)
Fig. 3 variation of anisotropy parameter, Γ (t) with time, H0t
The time variation of anisotropic parameter is shown
in Fig(3). In this case the initial anisotropy also washes
out.
Case D: For H20 = C = 0 without a cosmological
constant eq. (47) reduces to
B˙2
B2
− α1
B2
+
α2
B4
= 0. (60)
On integrating the above equation we get
B =
√
α1t2 +
α2
α1
(61)
and
A =
α1t
K√
α1t2 +
α2
α1
. (62)
Fig. 4 variation of anisotropy parameter, Γ (t) with time, H0t
In this case we obtain physically acceptable solutions
even if α2 = 0 where B varies linearly with t and A is
a constant. The anisotropy parameter is given by,
Γ =

2
t2 +
8t2α21(
α1t2+
α2
α1
)2 − 8α1(
α1t2+
α2
α1
)
1
t2 +
t2α21(
α1t2+
α2
α1
)2 + 2α1(
α1t2+
α2
α1
)

2
, (63)
The variation of the anisotropy with time is shown in
Fig(4). The initial anisotropy washes out but in future
the universe will transit to an anisotropic one.
74.2 Bianchi-I Model-II
In this model we consider 1B = H0 which implies B =
H−10 . From the first two EFE we determine
Λ = −α1H20 − α2H40 . (64)
The coupling parameters κ and λ may be positive or
zero which leads to both α1 and α2 positive quantities.
In this case the cosmological constant may be consid-
ered negative for a physically viable cosmological solu-
tions. The EFE given by eq. (43 ) becomes
A¨
A
= −2α2 H20
[
α1
2α2
+H20
]
. (65)
which admits an oscillatory universe which is new and
interesting.
5 Discussion
Two different anisotropic universes namely, Kantowski-
Sachs and Bianchi-I metrics are considered in the pres-
ence of a cosmological constant with Skyrme fluid as the
matter source. In general, for all types of solutions the
parameters associated with the Skyrme fluid are play-
ing an important role for determining the evolution of
the universe. Except for Case-2 of the KS universe we
note existence of a universe with large initial anisotropy
which however, is found to isotropize at a later epoch.
The Skyrme fluid in the presence of Λ in an anisotropic
universe transits to the observed isotropic and homoge-
neous universe at the present epoch.
The behaviour of the anisotropy parameters for the
corresponding cases of the KS and Bianchi-I universes
are plotted in Figs. (1) - (4). In Fig.1 corresponding to
Case-A of both KS and Bianchi-I universes, the anistropic
parameter is plotted, it is found that initial anisotropy
is much larger for the former universe but eventually
washes out at almost same values of H0t, thus indi-
cating a significantly higher isotropization rate for a
KS universe than a Bianchi-I universe. In Fig.2 corre-
sponding to Case-B for both the universes, it is observed
that the KS universe does not admit an anisotropic uni-
verse as it is permitting deSitter universe, whereas an
anisotropic Bianchi-I universe is possible which later
isotropizes.
It is noted that when Skyrme fluid dominates in
KS and Bianchi-I universes separately, it permits a cos-
mology with initial large anisotropy which at a later
epoch transforms to isotropic universe. A new solution
in Bianchi-I universe is found here which permits an
emergent universe for a negative Λ which, however,
cannot be obtained in KS universe. The behaviour of
the anisotropy parameters for both the universes are
plotted in Fig-3. It is evident that the initial anisotropy
is same for both the universes which eventually drops
down to zero at a later epoch but the rate of isotropiza-
tion is faster for the Bianchi-I universe.
In the absence of Λ, the initial large anisotropy de-
creases for both the universes but transits to a universe
which once again will transit to an anisotropic universe
at a later stage of evolution. This is possibly due to
the absence of the repulsive effect of the Λ term, but
physically it may be due to the structure formation.
The initial anisotropy drops down faster and returns
earlier for Bianchi-I universe,while isotropization is bit
slower for KS universe and further growth of anisotropy
is at a considerably slower rate. In this case KS uni-
verse gives no well-behaved acceptable solution but a
Bianchi-I universe admits an acceptable solution.
The main interesting point of difference between KS
and Bianchi-I space-time solutions sourced by a Skyrme
fluid for the Model − II solutions are considered. It is
found that KS universe admits linear, expanding and
oscillatory universe for different constraints on H20 , but
in the case of Bianchi I space-time, only oscillatory
universe is allowed.
6 APPENDIX
EFE for vacuum with non-zero Λ: Rµν = Λδµν .
Computation of Ricci Tensor
R00 = Λ =
¨(lnV )+H21+H
2
2+H
2
3 =
R¨1
R1
+
R¨2
R2
+
R¨3
R3
. (66)
R11 = Λ =
˙(V H1)
V
=
R˙1R˙2
R1R2
+
R˙1R˙3
R1R3
+
R¨1
R1
. (67)
R22 = Λ =
˙(V H2)
V
=
R˙2R˙3
R2R3
+
R˙1R˙2
R1R2
+
R¨2
R2
. (68)
R33 = Λ =
˙(V H3)
V
=
R˙2R˙3
R2R3
+
R˙1R˙3
R1R3
+
R¨3
R3
. (69)
Computation of Ricci Scalar
R = 2[
R¨1
R1
+
R¨2
R2
+
R¨3
R3
+
R˙1R˙2
R1R2
+
R˙1R˙3
R1R3
+
R˙2R˙3
R2R3
]. (70)
Computation of Einstein Tensor
G00 = −
R˙1R˙2
R1R2
− R˙1R˙3
R1R3
− R˙2R˙3
R2R3
. (71)
8G11 = −
R¨2
R2
− R¨3
R3
− R˙2R˙3
R2R3
. (72)
G22 = −
R¨1
R1
− R¨3
R3
− R˙1R˙3
R1R3
. (73)
G33 = −
R¨1
R1
− R¨2
R2
− R˙1R˙2
R1R2
. (74)
Putting R1 = A and R2 = R3 = B, we obtain
Equations(38)-(40).
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